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Abstract 
Clivio, A., Tilings of a torus with rectangular boxes, Discrete Mathematics 91 (1991) 121-139. 
We consider tilings of a torus T, (=R/r,Z X R/r,Z for a pair of positive integers r = (r,, rz)) 
with translated copies of finitely many rectangles whose sides have integer lengths (several 
copies of the same rectangle can be used); if the horizontal or the vertical sides have length 1, 
then such a rectangle is called a rod. We give a simple criterion for the tilability of a torus T, 
with rods provided that T, is large with respect to the rods, i.e., r, and r, are large. The proof 
uses a coloring argument so it also yields a necessary condition for the existence of an integer 
tiling. For this generalized notion of tilability we prove a result with arbitrary rectangles as 
tiles, namely, we present an explicit criterion for integer tilability of a torus with finitely many 
rectangles. 
Both criteria can be formulated in every dimension. 
1. Introduction 
We consider rectangles r = (rl, rJ whose horizontal and vertical sides have 
integer lengths r, and r2, respectively, and in particular rods: rectangles such that 
r, or r, is 1. An arbitrary rectangle r can be tiled with translated copies of a 
horizontal rod (Ii, 1) and with copies of a vertical rod (1, 12) only if it can be tiled 
in an obvious manner, namely, if I, divides r, or I, divides r,. But in general many 
more tori T,-a rectangle r with parallel sides identified--can be tiled with those 
two rods: for example Fig. 1 shows a tiling of Tc5,5j with copies of (3,l) and (1,2) 
discovered by Golomb and Robinson [4, Fig. 81. 
In this paper we give a necessary and sufficient condition for the tilability of 
such a torus with rods provided the torus is large with respect to the rods, i.e., r, 
and r, are large. Our criterion can be formulated for an n-dimensional torus T, 
and for an arbitrary number k of n-dimensional rods qj of length 1, parallel to the 
xi-axis (every edge of the rod that is parallel to a different axis has length 1). 
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Fig. 1. A tiling of the torus TCS,sj with copies of horizontal rods (3,l) and vertical rods (1,2). 
Theorem 1.1. For arbitrary n-dimensional rods rl,vi,, . . . , qik there is a c such 
that for every n-dimensional torus Tr with min{r, 1 1 s j c n} 2 c there exists a tiling 
of T, with translated copies of rI,,i,, . . . p rlk.ik iff 
pcd{gcd(;,rj,) 1 l-)=1. (1.1) 
From Theorem 1.1 we conclude for example that the 2-dimensional torus TCr,,T2j 
can be tiled with horizontal and vertical rods of length 6 as soon as 6 divides its 
area r,r, and rl and r2 are greater than or equal to c for some constant c (c can be 
chosen as 15; cf. Golomb’s Problem (b) [4, p. 6161). 
To show that condition (1.1) is necessary for tilability we use a coloring 
argument. Therefore (1.1) is true even if there exists only an integer tiling of the 
torus. (In an integer tiling of the torus the copies of the rods are weighted by 
arbitrary integers and all the weights have to add up to 1; see the definition in 
Section 2.) On the other hand condition (1.1) is also sufficient for integer 
tilability. 
Theorem 1.2. For arbitrary n-dimensional rods qi,, . . . , rre,ik and every n- 
dimensional torus Tr there exists an integer tiling of T, with rt,,j,, . . . , Ck,jk iff 
We also consider tilings with arbitrary n-dimensional rectangular boxes and not 
just with rods. Barnes [l, II, Theorem 2. l] has given a succinct criterion for 
integer tilability of a box with copies of other boxes. We present an analogous 
criterion for integer tilability of a torus with boxes. 
Theorem 1.3. For arbitrary n-dimensional rectangular boxes d”, . . . , rck) and 
every n-dimensional torus T, there exists an integer tiling of Tr with r(l), . . . , rck) iff 
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In fact we give a criterion for integer tilability of an n-dimensional box with 2t 
parallel sides identified (0 G t s n) thereby extending Barnes’ result. 
Of course it is easier to tile a torus than to tile a box. By comparing Barnes’ 
criterion with Theorem 1.3 a qualitative statement of this difference can be 
obtained. 
From Theorems 1.1 and 1.2 we conclude that ordinary and integer tilability of a 
torus with rods coincide as soon as the torus is large with respect to the rods. 
Barnes has established the corresponding result for tilability of a box with 
arbitrary other boxes, but we do not know whether the two notions of tilability 
coincide for a large torus and arbitrary boxes. Theorem 1.3 suggests to search for 
certain ordinary tilings, e.g. for every torus T, there exists an integer tiling with 
boxes r(l), . . . , r W) if the greatest common divisor of the volumes of those boxes 
is 1, but we have succeeded in finding such tilings only for k = 2. 
The rest of this paper is organized as follows. In Section 2 we give all the 
definitions and notations. In Sections 3, 4 and 5 we prove (generalizations of) 
Theorems 1.2, 1.3 and 1.1, respectively. In the last section we present the tilings 
for k = 2 mentioned in the previous paragraph. This paper contains all the results 
announced in [3]. 
2. Definitions and notations 
We are going to represent rectangular boxes by integer polynomials in several 
variables. This allows a very concise description of integer and ordinary tilings. 
Definition. Let r E N+” (N’ := N\(O)) and 0 s t c n. The (n-dimensional 
rectangular) box B,, of shape r with 2t parallel sides identified is defined as 
B,, := R lr,H x - - - X Rlr,Z X [0, rr+J X - * . X [0, r,]. 
If no sides are identified, then we also call r itself a rectangular box. If all sides 
are identified, then T,:= B,, is a torus. 
With every rectangular box r E N+” we associate the polynomial 
For 1 E N+ and 1 <j s n the (n-dimensional) rod rI,i E N+” of length 1, parallel to 
the xi-axis is defined as 
(rI,j)jf := ( 1 ifj’=j, 1 otherwise. 
Let r(1) , . . . , P), rEN+n and OCtGn. Then g,,...,g,~ 





belongs to the ideal of Z[X,, . . . , x,, x;‘, . . . , x;‘] generated by x;l - 1, 
. . . ) x> - 1; if every coefficient of every gi is 1, then the tiling is called an 
ordinary tiling. 
To see that this definition is an adequate formalization of the notion of a tiling 
we place the box r in US” with its edges of length rj parallel to the xi-axis (for 
1 S j S n), its corners on points in N”, and one of the corners-the ‘base point’ of 
the box-on the origin. If i E Z” is the base point of a unit cube covered by r, 
then the monomial xi ( := xi,l. . . xi) appears with coefficient 1 in fr, otherwise it 
does not appear. Translating r by the vector i corresponds to multiplying fr by xi, 
and weighting r by an integer LY corresponds to multiplying fr by LY. The 
polynomials g,, . . . , & are a tiling of B,, with r(l), . . . , rck) iff the polynomial 
(2.1) is the zero polynomial. In particular those polynomials are an ordinary tiling 
iff the copies of r(l), . . . , rck) placed in R” according to g,, . . . , g, cover the box 
Bno such that the interiors of different copies are disjoint. Notice that only 
translated but not rotated copies of r(l), . . . , rck) can be used in any tiling. If we 
identify 2t sides of the box to be tiled, then it does not matter which of two unit 
cubes in R” with base points i and i’ is covered provided that 5 divides ij - ii (for 
1 S j S t). So for g,, . . . , gk to be a tiling of B,, it is only required that the 
polynomial (2.1) belongs to the ideal generated by x;l - 1, . . . , xi1 - 1. 
3. Integer tilings with rods 
All the tiles r(l), . . . , r@) in this section will be rods. We begin by giving a 
criterion for integer tilability of an n-dimensional box with n orthogonal rods. A 
criterion for tilability with arbitrary rods is easily derived from this special case. 
Barnes’ criterion also shows that integer and rational tilability of a box are 
equivalent (in a rational tiling the copies of the boxes are weighted by arbitrary 
rationals). This is not the case for tilability of a box B,, with t 5 1: For every such 
box there exists a rational tiling with copies of an arbitrary single rod ql. In 
particular, to establish the necessity of condition (ii) in Proposition 3.1 for t Z= 1 
we have to use a coloring with colors in Z/qZ for some positive integer 4, a 
coloring with colors in e.g. Z could not possibly work. 
Proposition 3.1. For arbitrary n-dimensional orthogonal rods ql, . . . , rln,n and 
every n-dimensional box B,, with 2t sides identified the following are equivalent: 
(i) There exists an integer tiling of B,, with rl,, 1, . . . , rl,,“. 
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(ii) Either 
(3.1) 
or there is a j such that t < j s n and Ii divides 5. 
Remark. Setting t = 0 reduces condition (ii) to its second part and yields the 
n-dimensional version of the result mentioned in the beginning of the introduc- 
tion. Setting t = n reduces condition (ii) to its first part (3.1). If (3.1) is true, then 
multiplication by Uy=, 5 shows that 
gcd{ li . fi r,,/gcd(l,, rj) 1 1 C j 6 n} divides fi 5, 
j'=1 j=l 
whence gcd{l, 1 16 j c n} divides flyC1 ri. This ‘volume condition’ is obviously 
necessary for tilability. 
Proof. For 1 G j <n set 
if 1 sj s t, 
ift<j<n. 
To show that (i) implies (ii) let q := gcd{fj/dj 1 1 c j c t}. Let I be the ideal 
of E[x,, . . . , x,, x;‘, . . . , x;‘] generated by x;l- 1, . . . , x) - 1 and the 
polynomials associated with r[,,i, . . . , rr,,n. We are going to define an additive 
homomorphism Q, : Z[x,, . . . , x,, x;‘, . . . , x;‘]- Z/qZ vanishing on I (a ‘color- 
ing of R/r,Z x . . . x R’/r,Z x R”-’ respecting the rods Q,,~, . . . , I-~.,~‘). Assuming 
(i) we conclude that q(fr) = 0, and this will imply (ii). 
Define an additive homomorphism 3 : Z[x,, . . . , x,, x;‘, . . . , x,‘]+Z by 




(-1)’ otherwise, where E := I{t < j cn: ii = -1 (mod di)}l 
(see Fig. 2). The additive group of Z[x,, . . . , x,, x;‘, . . . , xi ‘1 is freely 
generated by {xi 1 i E P}, so ‘1’ is well-defined. Now v : Z[x, , . . . , x,, 
-1 
Xl ,...f x;‘]+ Z/qZ is defined by q(f) := q(f) + qZ. 
Claim. tp vanishes on 1. 
Proof. It suffices to show that (p(r’f) = 0 for every i E Z” and every generator f of 
1. First let i, i’ E Z” such that for every j, 1 s j G n, we have ij E ii’ (mod di). Then 
q(xi) = q(xi’). Therefore we have for every i E Z” and every j, 1 C j c t, 
Q)(.x!(x~ - 1)) = #x,‘) - q(xi) = 0. 
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Fig. 2. Some unit cubes in R3 which are colored by 1 or -1 according to w (n = 3, t = 2, d, = 6, d, = 
5, and d, = 4). 
Now let i E Z” and 1 ~j 6 n. The polynomial associated with rI,,j is CL&x,? and 
we claim that q+!C!g=!,,x~) = 0. 
Case 1: j>t. 
Then 
since either every summand is 0, or precisely one is 1, another is -1, and all the 
others are 0. 
Case 2: j=St. 
Then for every i’ E Z” we have 
q(xi, zg xf) = Igo1 $!+i’x~). (3.2) 
If there is a j’ G t such that j’ #j and ii’, f 0 (mod dj,), then every summand on the 
RHS of (3.2) is 0. This is also the case if there is a j’ > t such that i,L $0 (mod dj,) 
and i,f, S -1 (mod &). Otherwise precisely q summands are not 0, and either all 
of them are 1 or all are -1. So in all cases the sum in (3.2) is divisible by q. Since 
x’C~&x,~ is a sum of polynomials as on the LHS of (3.2) this proves the 
claim. 0 
Now we assume (i), so q(f,) = 0. We can also assume that q is not divisible by Ii 
(for t < j c n), and this will imply that q divides n,!=, rj/dj. Since q is relatively 
prime to that product this yields q = 1, so (ii) holds. 
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We may assume that for every j, t <j s n, we have 5 < lj (if for example Z,, < r,, 
then let r’ := (rl, . . . , rn_l, r, -I,); now 
and fr -5, E I whence cP,(&) = q(fr) = 0). From Ii t 5 we conclude rj s lj - 1 (for 
t <j G n). Hence 
V(L) = c 
Vj:OSi,sr,-1 
V(x’) = zs 3(x% 
where S:={i~kYIVjj:(j~t and ii s 5 - 1) or (j > t and ii = 0)). Precisely 
Q=!=, rj/dj summands in this sum are not 0, and all of them are 1. Since I = 0 
we conclude that q divides n,‘=l q/die 
To show that (ii) implies (i) we notice that a tiling of B,, is equivalent to a 
tiling of Br,O using the extra ‘weighted shapes’ x: - 1, . . . , x:‘- 1. Lemma 3.2 
implies that there exists an (Zj/dj)-fold tiling of B,,O with r,,,j and ~7 - 1 for 
lsjst. If IIldI,. . . , 1,/d, are relatively prime, then these tilings can be 
superimposed to yield the required single tiling. 
Lemma 3.2. Let 1, r E N+ and set d := gcd(1, r). Then the polynomial 
1 Xd-1 -.- 
d x-l 
belongs to the ideal of Z[x] generated by (x’ - 1)/(x - 1) and xr - 1. 
Proof. Let J be the ideal under consideration. 
Since d = al- pr for some LX, /3 E N there are g, h E N[x] such that 
xd - 1 x’ - 1 _= ._- .- 
x-l g x-l 
h 
xr - 1 
x-1. 
Therefore xd - 1 belongs to J. 
Furthermore there is a g E Z[x] such that 
X IId _ 1 
-----=g.(x-1)+-$ 
x-l 
Substituting xd for x and multiplying by (x” - 1)/(x - 1) yields the claim. Cl 
Now we assume (ii). If lj divides q for some j with t < j s n, then (i) is clearly 
true. Otherwise 
gcd{i 1 lcjst}=l, 
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so there are al,. . . , a; E Z with 1 = CfeI aci(lj/dj). Multiplying this equation by fr 
and noticing that fr is divisible by every polynomial (xi”, - l)/(Xj - 1) we conclude 
from Lemma 3.2 that (i) holds. 0 
Proposition 3.1 can be generalized to characterize tilability of an arbitrary box 
contained in II,,, but we do not pursue this direction. 
Since we are considering integer tilings we can replace every weighted copy of 
for example a rod rgcd(ll,[2),1 by weighted copies of the rods ql and q,,,. Also 
notice that for every f,, 12, r E N+ we have 
gcd ( 4 12 > g44 > 12) gcd(h, rj ’ gcd(L rj = gcd(4, L r) ’ (3.3) 
We use these remarks to establish an integer criterion for arbitrary rods. 
Theorem 3.3. For arbitrary n-dimensional rods qj,, . . , , rlk,jk and every n- 
dimensional box B,, with 2t sides identified the following are equivalent: 
(i) There exists an integer tiling of B,, with qj,, . . . , r,k,jk. 
(ii) Either 
gcd[gcd;, qi) / 
lSi<k, l=Sji<t =I 
> 
or there is a j such that t <j s n and gcd{l, 1 1~ i G k, ji = j} divides 5. 
Proof. We have to take into account that there might be directions for which 
there is no rod at all-or more than one. So let D := {ji 1 1 s i G k} and 
1; := gcd{I, 1 1 c i s k, ji = j} (for j E 0). 
Assume (i) and let 
I:= 2(hl 4)(jgl 5). 
Then there exists an integer tiling of B,, with r,,,, . . . , r,h,n where 
I,‘:=1 forjE{l,...,n}\D. 
From Proposition 3.1 we conclude that 
or there is a j such that t <j 5 n and 1; divides rj. By the choice of 1 and equation 
(3.3) this yields (ii). 
Now assume (ii). Using (3.3) we conclude from Proposition 3.1 that there exists 
an integer tiling of B,, with the rods in {rq,j 1 j E D}. Since every weighted copy of 
each of those rods can be replaced by weighted copies of rll,j,, . . . , rlk,jt this yields 
(i). 0 
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If @==, li is a prime power, then (ii) holds iff li divides 9, for some i, so there 
exists an (integer) tiling of B,, only in the obvious cases. For n = t = 2 and I1 = l2 
this has been proved by Golomb and Robinson [4, p. 6161. 
4. Integer tilings with boxes 
Suppose that there exists an integer tiling of B,, with boxes r(r), . . . , rck). 
Choose any orthogonal rods with the property that for every r(‘) there is a j such 
that one of those rods is parallel to the xi-axis and its length divides ry’. Then 
every copy of every r@) in the tiling of B,, can be replaced by some copies of 
some rod. Applying Theorem 3.3 we conclude that a certain divisibility condition 
is fulfilled. In this section we show that all those conditions together are even 
sufficient for tilability of B,,. This result extends Barnes’ criterion for tilability of 
a box B,,, without any sides identified. We will use his equivalence of (2) and (3) 
in [l, II, Theorem 2. l] in the following form. 
Theorem 4.1 (Barnes). For arbitrary n-dimensional boxes r(l), . . . , rck), and r the 
following are equivalent: 
(i) There exists an integer tiling of Br,O with r(l), . . . , rck). 
(ii) For every JC : (1, . . . , k} +- (1, . . . , n} there is a j such that 1 ==j <n and 
gcd{r,‘i’ 1 1 < i s k, z(i) = j} 
divides rt. 
Theorem 4.2 (Integer tilability criterion). For arbitrary n-dimensional boxes 
&l) * * > dk) and every n-dimensional box B,, with 2t sides identified the following 
are'dquivalent : 
(i) There exists an integer tiling of B,, with r(l), . . . , dk). 









or there is a j such that t <j s n and gcd{r,‘i’ 1 1~ i 6 k, n(i) = j} divides rj. 
Remark. From equation (3.3) we see that the second part of (ii) is true iff there is 





I ’ I 
Proof. First we assume (i). To verify (ii) let rr : { 1, . . . , k} + { 1, . . . , n} and set 
lj := gcd{r,‘i’ 1 1 =Z i Sk, n(i) = j} (for 1 s j sn). 
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Then for every box r(‘) the length of some rod Q,~ divides rji). Replacing every 
copy of every box in the tiling of B,, by some copies of some rod yields a tiling of 
B,, with the rods in {rr,,i 1 1 ~j G n, fj # O}. Applying Theorem 3.3 and using 
equation (3.3) we conclude that (ii) holds. 
If t = 0, then our claim is Barnes’ result. In particular we have just given a 
different proof of his Theorem 4.1, (i) 3 (ii). But to show that (ii) implies (i) in 
Theorem 4.2 we will use Theorem 4.1, (ii) j (i) rather than prove it on our own. 
Therefore we assume that 1 G t s n. 
We use a similar approach as in the proof of Proposition 3.1 and begin by 
generalizing Lemma 3.2 as follows. 
Lemma 4.3. Let r’, r E IV+’ and set d, := gcd(#, 5) (for 16j G t). Then the 
polynomial 
belongs to the ideal of Z[xI, . . . , x,] generated by frP and x7 - 1, . . . , x7 - 1. 
Proof. Let J be the ideal under consideration. From Lemma 3.2 we conclude that 
for every j there is a gi E Z[x,, . . . , x,] such that 
$.Xid,-1 -= 
di xi - 1 - gi 
. xs (mod J). 
, 
Taking the product of all these congruences yields the claim. 0 
Now we assume (ii). Set d, := gcd(r,“‘, 5) (for 1s i s k, 1 <j G t) and 
a;::= n L (forlsisk). 
j=i d, 
Define (n - t + 1)-dimensional boxes s(l), . . . , dk), and s by 
p:= e 
t 
ifj = t, 
1 
1 ifj = 1, 
rCi) ift<jSn, 
Sj := 
I ri ift<jGn. 
. Claim. There exists an integer tiling of B,,, with s(l), . . . , dk). 
Proof. We want to apply Barnes’ criterion so let I& : (1, . . . , k} + {t, . . . , n}. 
We have to find a j such that t G j s n and gcd{$ 1 1 G i s k, q(i) = j} divides Si. 
We may assume that gcd{$) 1 1 s i s k, q(i) = t} # 1. Choose a prime p 
dividing that gcd and define n : { 1, . . . , k} + { 1, . . . , n} by 
q(i) if v(i)>-+ 1, 
X(i) := j if v(i) = t, where we choose any j such that 1 s j c t 
andp divides r!‘)ld.. 
J lJ . 
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we conclude from (ii) that gcd{r,‘i’ 1 1 - i < < k, n(i) = j} divides rj for some i with 
t <i G n. This implies the claim. 0 
Therefore there are g,, . . . , g, E Z[x,, . . . , x,, x;‘, . . . , x;‘] such that 
Substituting 1 for x, and multiplying by 
yields 
where hi :=gi(l, x,+1, . . . , x,). From Lemma 4.3 we conclude that (i) holds. Cl 
Remark. (a) Condition (ii) for c = 0 is equivalent to condition (ii) for t = 1. So if 
B,,r (just two sides identified) can be tiled, then even B,O can be tiled. 
(b) The proof of Barnes’ criterion shows that g,, . . . , gk above can be chosen 
in Z[x,, . . . , x,]. This implies that if B,, can be tiled with r(l), . . . , dk), then 
there is a tiling g,, . . . , gk E E[x,, . . . , x,] such that fr - Cf==, gifr(,) belongs to the 
ideal of Z[xI, . . . , x,] generated by x: - 1, . . . , x:‘- 1. Therefore the copies of 
r”’ , . . . 9 rck) project over B,, in every dimension only in the positive direction. 
For a torus the criterion can be formulated as follows. 
Corollary 4.4. For arbitrary n-dimensional rectangular boxes r(l), . . . , rck) and 
every n-dimensional torus T, there exists an integer tiling of T, with r(l), . . . , rck) iff 
gcd 
Proof. For a torus condition (ii) in Theorem 4.2 is reduced to its first part and 
simplifies to 
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In particular the corollary allows to estimate the computational complexity of 
the integer tilability problem for tori: Given k boxes and one torus; is there an 
integer tiling of the torus with the boxes? The criterion shows that this problem is 
decidable in polynomial time. This contrasts sharply with the complexity of the 
integer tilability problem for boxes: Barnes’ criterion shows that it belongs to the 
class coNP and for every fixed dimension n it also belongs to the class NP [2, Satz 
1.141. But for no n 2 2 a polynomial time decision algorithm is known. 
5. Ordinary tilings with rods 
If there exists an ordinary tiling of B,, with r(l), . . . , d“), then all the more 
there exists an integer tiling, so condition (ii) in Theorem 4.2 is met. In the last 
two sections we investigate whether the converse is true, namely, whether 
condition (ii) implies ordinary tilability-provided that B,, is large with respect to 
the given tiles. (A box B,, is large if min{q 1 1 s j s n} is large.) 
We show in the present section that this is the case if the tiles are rods. First 
notice that for rods we have the simpler integer tilability criterion given in 
Theorem 3.3. Now if r is divisible by gcd{l, 1 1 =S i s k} and large with respect to 
1 . . . , lk, then Cf==, qyili = r is solvable in nonnegative integers al, . . ak. 
T?rerefore we can restrict our attention to tilings of tori T,. But then condition (ii) 
in Theorem 3.3 is rather weak and several ordinary tilings have to be found. In 
particular, if the greatest common divisor of the lengths of the rods is 1, then we 
have to give a tiling with those rods for every large torus. This is performed by 
first tiling every ‘cubic’ torus T,, i.e., a torus for which r, = - * * = r, (Corollary 
5.3). Then also every other torus can be tiled using the general constructions 
described in Lemmas 5.4 and 5.5 (Proposition 5.6). 
Lemma 5.1. Let sir . . . , s, E N+, f E Z[x,, . . . , x,], and assume that f vanishes 
on 
Then f belongs to the ideal of Z[x,, . . . , x,] generated by xS,’ - 1, . . . , x2 - 1. 
Proof. We may assume that for every j we have de&,(f) < si. Then f vanishes on 
a subset of C=” of the form U, x - - * x U,, such that IUjl= si > de&,(f) (for 
1 s j s n). This implies that f is the zero polynomial. Cl 
Proposition 5.2. Let rl,,l, . . . , q,, be n-dimensional orthogonal rods and set 
s := cy=, li. Then there exists an ordinary tiling of the n-dimensional cubic torus 
Tc, ,.__, S) with rl,,l, . . . , G”,,,. 
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Fig. 3. If n = 3, 1, = 6, I, = 7, and I, = 4, then g, = ((x,x~“)” - 1)/(x,xi6 - 1) ((x,x:“)” - 1)/(x1x:6 - 
l), g,=x;gg,, and g,=x~x’&,. Taking 17’ copies of the three rods (6,1, l), (1,7, l), and 
(1, 1,4)--positioned as shown in the figure and translated according to g,-yields a tiling of the torus 
T~wJ,). 
Proof. We define polynomials g,, . . . , g,, all of whose coefficients are 1, by 
gl := fi (-v-l)s - 1 
s-1 -1 j=2 XlXj 
.g, (for2Sj=Sn), 
and claim that they are an ordinary tiling of T(, ,___, Sjwith ql, . . . , on,, (see Fig. 
3). 
To prove our claim it suffices to verify that 
x!j- 1 
h :=fcs,...,s, -,sl gj.L 
xi - 1 
vanishes at every z E C” with .z: = - - - = zS, = 1 (Lemma 5.1). 
Case 1: z = (1, . . . ) 1). 
Then fcS,...,,,(z) = S” and for every j we have gj(Z) = gi(z) = snP1, so h(z) = 0. 
Case 2: z#(l,. . . , 1). Then fcs ,___, .,(z) = 0. 
If z,zt-’ # 1 for some j, 2 ~j s n, then gi(z) = 0, so h(z) = 0. Otherwise Zj = z1 
for every j, 2 <j s n, and since zi # 1 we obtain 
h(z) = - 2 gj(Z) . s 
j=l I 
-a(z) n = ~. c ,yA L . (z:, - 1) 
21 - 1 j=l 
-g1(z) =-. 
z, - 1 
(,$k=l L - 1) = 0. 0 
Corollary 5.3. Let ‘l,,j, ) . . . , rr*,jk be n-dimensional rods with gcd{li ) 1 s i G k} = 
1. Then there is a c such that for every n-dimensional cubic torus TC,,...,,, with s 2 c 
there exists an ordinary tiling of Tc, ,_,_ ,S) with rl,,j, , . . . , rlk,jk. 
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Proof. For every large s the equation Cf=, CXJ~ =s is solvable with cyr, . . . , cuk E 
N+. For 1~ j 6 IZ let 1; := Cj,=j c~,l, (we may assume that every j equals ji for some 
i). By Proposition 5.2 there exists an ordinary tiling of T(, ,,__, SI with r,;,,, . . . , r,;,,, 
and all the more there exists such a tiling with Q,,~,, . . . , qjk. q 
To find ordinary tilings for arbitrary tori we need the following two lemmas. 
They can be formulated for tilings with boxes and not just with rods and we do so 
since we want to apply the lemmas in the next section as well. 
Lemma 5.4. Assume that there exists an ordinary tiling of T, with r(l), . . . , rck). 
Let PI,. . . , p,, E N such that pj is divtiible by ri(‘), . . . , rjk’ (for 1 c j s n). Then 
there exists also an ordinary tiling of Tcr,+p ,,.,,, r.+p,) with r(l), . . . , dk). 
Proof. We may assume that p2 =. . * = pn = 0. Let g,, . . . , gk l Z[xl, . . . , 
-1 
-Gz, Xl , * f f , xi’] be an ordinary tiling of T, with r(l), . . . , rck). That tiling can be 
chosen such that for every i, j (1 s i G k, 1 C j c n) we have 
gi E z[x19 . * * 7 x,] and de&, gi c 5 - 1. 
To define an ordinary tiling gr, . . . , & of Tcr,+p ,,,*,..., m) let 1 6 i 6 k and set 
Si := {U EN” 
Now let 
gi:=gi +xy 
(see Fig. 4). 
r2 
x” has coefficient 1 in gi and r, - rr) c uI}. 
xlp’ - 1 
-YJ---.Cx” 
xz - 1 U&Y, 
------- 
. . . . . . 
. . . . . . 
. . . . . . 
. . . . . . 














n rl +6 Xl 
Fig. 4. An example for n = 2, r(l) = (6, l), r(*) = (3, 3), r 0) = (2 4) and p, = 6. New copies of r(l), , , 
r@). and rC3) are shaded. 
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A straightforward verification shows that gl, . . . , & are an ordinary tiling of 
Tc~,+~,,~ ,,__,m) with r(l), . . . , r(“). 0 
Lemma 5.5. Assume that there exists an ordinary tiling of Tr with r(l), . . . , rck). 
Then there exists also an ordinary tiling of 
(a) Tc,,,, _.., n,r,) with r(l), . . . , dk) (for arbitrary (Y,, . . . , a;, E N’) and of 
(b) Tc, ,,,,..., (ynm) with (aIri’), . . . , (y,r!?)), . . . , (cuIrik), . . . , crnrY’) (for ar- 
bitrary a1, . . . , an E N’). 
Proof. (a) A tiling of T, corresponds to a periodic tiling of 0%” with period r. 
(b) Stretching the xi-axis by a; (for 1 ~j G n) yields the new tiling. 0 
Proposition 5.6. Let rt,,j,, . . . , rlk,jk be n-dimensional rods with gcd{l, 1 1 s i s 
k} = 1. Then there is a c such that for every n-dimensional torus T, with rnin{q ( 
1 s j c n} 2 c there exists an ordinary tiling with rt,,j,, . . . , rr*,j,. 
Proof. Let s be relatively prime to II, . . . , lk and such that there exists an 
ordinary tiling of Tcs ,.__, s) with rl,,j,, . . . , r,k,jk (Corollary 5.3). Then c := sIIfzI Ii 
has the desired property: 
Let~~~(+“withmin{rj)1~j~n}~c.Thereare~l,...,~k~~suchthatfor 
every j we have 
so c = ENS + fij nFzI li for some pj E N. Since rl,,j,, . . . , rlk,jk tile i’& ,_._, s) we 
conclude from Lemmas 5.5 (a) and 5.4 that they also tile T,. 0 
Smaller numbers c can be obtained in Proposition 5.6 if II:==, Ii in the proof is 
replaced by lcm{li ) 1 <is k}. In the same way such an improvement can be 
achieved in Theorem 5.7. 
Theorem 5.7. For arbitrary n-dimensional rods rt,,j,, . . . , rlk,jk there is a c such 
that for every n-dimensional box B,, with 2t sides identified and min{rj 1 1 <j G 
n} 3 c the following are equivalent: 
(i) There exists an ordinary tiling of B,, with rt,,jI, . . . , rr*,jk. 
(ii) Either 
gcd(gcd;, 5,) 1 
lsick, l<ji<t =1 
1 
or there is a j such that t <j 6 n and gcd{l, ) 1 G i =S k, ji = j} divides 5, 
(5.1) 
Proof. As mentioned in the beginning of this section it suffices to consider tori T,; 
then (ii) is reduced to (5.1). Furthermore we only have to show that for arbitrary 
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rods there is a c with the following property: For every r such that min{rj 1 1 G j s 
n} 2 c and (5.1) is true there exists an ordinary tiling of the torus T, with those 
rods. 
If rr,,j,, . . . , r,k,jk are rods with gcd{f, 1 1 s i s k} = 1, then a c(q,,j,, . . . j C&) 
exists by Proposition 5.6. Otherwise the number 
ITlaX{C(pj,, . . . , rI.k,jk): gcd{l,! ( i} = 1 and Vi: 1; 1 1,) 
has the desired property: 
Let r E N+” such that min{q ) 1 G j s n} Z= c and (5.1) is true. Define the rods 
‘ri,j,, . . . 7 qjk and the torus T,. by 
&! := 4 and r,!:= 5 
gcd(& q,) gcd (@=i li, 5) ’ 
Then gcd{li 1 1 s i s k} = 1 and 
so there exists an ordinary tiling of T,, with rl;,jl, . . . , Q;,jk. Using Lemma 5.5 (b) 
with aj := gcd(nf==, li, 5) we conclude that there exists also a tiling of T, with 
rl,,j,, . . . 7 rr*,jk. 0 
6. Ordinary tilings with boxes 
In this last section we restrict our attention to tilings of a torus. By Corollary 
4.4 there exists an integer tiling of T, with r(l), . . . , dk) iff 
(6.1) 
We show that if only two boxes r(l) and r(‘) are used in the tiling, then (6.1) 
implies that there exists even an ordinary tiling of T, provided that T, is large with 
respect to r(l) and r (2) It is tempting to conjecture that this is true for more than .
two boxes as well and we present a reduction of this problem showing that it 
suffices to consider cubic tori and boxes. 
For n, k E N+ let Q),,~ be the following statement. 
For arbitrary n-dimensional boxes r(l), . . . , d“) there is a c such that for 
every n-dimensional torus T, with min{q I 16 j G n} 2 c condition (6.1) 
implies that there exists an ordinary tiling of T, with r(l), . . . , rck). 
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If the greatest common divisor of the volumes of r(l), . . . , rck) is 1, then (6.1) 
holds for every r. So if Q)n,k is true, then every large torus Tr can be tiled with such 
boxes. Conversely we show that if arbitrary cubic boxes whose volumes are 
relatively prime tile just one suitable cubic torus, then qn,k holds. 
Proposition 6.1. Let n, k E N+. Assume that for every II, . . . , lk E N+ with 
gcd{l,Il~i<k}=l thereisansEN+ such that s is relatively prime to II, . . . , lk 
and there exists an ordinary tiling of the n-dimensional cubic torus TCS,.__,S) with the 
cubic boxes (f,, . . . , II), . . . , (&, . . . , &.). Then vn,k holds. 
Proof. The proof is performed in three steps. For r E N(+n let vol(r) := IT&1 5. 
Step 1. For every II, . . . , lk E N+ with gcd{li 1 1 s i =S k} = 1 there is a c such that 
for every torus Tr with min{q 1 1 G j G n} 2 c there exists an ordinary tiling of T, 
with (11, . . . , II), . . . , (l,, . . . , lk). 
Proof. Choose an s relatively prime to II, . . . , lk and such that there exists an 
ordinary tiling of T(, ,,_,, S) with (II, . . . , II), . . . , (&, . . . , fk). Then we verify as in 
the proof of Proposition 5.6 that c := s@=, li has the desired property. 0 
Step 2. For every d”, . . . , dk) E N+” with gcd{vol(r(‘)) ( 1 c i c k} = 1 there is a c 
such that for every torus T, with min{ri ) 1 G j s n} 2 c there exists an ordinary 
tiling of T, with r(l), . . . , rCk). 
Proof. Define II, . . . , lk by li := vol(r(‘)) (for 1 <i G k). Then every copy of a 
cube (li, . . . , Ii) in any tiling can be replaced by copies of d’), so every c as in 
Step 1 has the desired property. 0 
Step 3. The statement Q),,k holds. 
Proof. If r(l), . . . , rCk) are boxes with gcd{vol(r(‘)) ( 1 G i G k} = 1, then a 
c(r(l), . . . , dk’) exists by Step 2. Otherwise the number 
c:=max{fi$)I 1Gjsn) 
X max{c(+“, . . . , Fck)): gcd{vol(?(‘)) I i} = 1 and Vi, j: <‘) I ri(i)) 
has the desired property. 
Let r E N+” such that min{q I 1 c j G n} 3 c and (6.1) is true. Define the boxes 
7(l) , . . . , Fck) and the torus Ti by 
j-z(i) : = 
#) 
‘i 
I gcd(;(i’ r,) and 5 := 
I ’ I gcd(I$=‘=, ry), rj) . 
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Then we see as in the proof of Theorem 5.7 that there exists an ordinary tiling of 
Ti with i(l), . . . , ?(“) and conclude that there exists also a tiling of T, with 
r(1) r@) 0 ,..., .
Theorem 6.2. For arbitrary n-dimensional boxes r(l) and r(*) there is a c such that 
for every n-dimensional torus T, with min{r, 1 1 S j s n} 3 c there exists an 





gcd = , 1. 
fi gcd(r!‘) J , ‘i) ii gcd(ry), ‘i) 
(6.2) 
j=l j=l 
Proof. For arbitrary boxes and tori (6.2) is necessary for tilability. To show that 
for all boxes there is a c such that (6.2) is sufficient for ordinary tilability if 
min{q ) 1 S j S n} 2 c we just have to verify the assumption in Proposition 6.1 for 
k = 2. So let II, I2 E N+ be relatively prime. Then s := IT + 1; is relatively prime to 
II and 12, and we define an ordinary tiling of TC,,...,s, with (II, . . . , 11) and 
(12, . . . , 12) by 
and g, := x$g, 
(see Fig. 5). 
To show that gI and g2 are a tiling as desired it suffices to verify that 
h :=f(s ,..., s) - (glfu ,,...> I,) +gzfu, ,..., 4 
vanishes at every z E @” with zs = - - . = z”, = 1 (Lemma 5.1). 
Fig. 5. If n = 2, I, = 2, and I, = 3, then g, = (x~x~~” - l/(x:x~’ - 1) and g, = xzg, are a tiling of the 
torus T(,,,,,) with the squares (2,2) and (3,3). 
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If z = (1, . . . ) 1) or if gl(z) = 0, then this is obvious. Otherwise fCS,...,S,(z) = 0 
and for every j with 1 s j s n - 1 we have 
zizi+l * 1, s--I2 = 1 (6.3) 
Since s is relatively prime to II and l2 we conclude that Zi # 1 for every j, so 
h(z) = -gk) * 
1 
* 
fi (Zi_1) ( 





lj (z? - 1) = ,a (z? - 1) 
j=l 
by (6.3), so h(z) = 0 provided that 
z[I - 1+ zi(z:z - 1) = 0, n 
i.e., ztzf: = 1. But this last equation follows from 
(z*z,) - 212; 12 I, 5-1 _ iy r-v, - G pr: - p r,-q = . . . = zyzy = 1. - ZlZ,-1 - zfz,_z El 
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